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Abstract 

We determine the blocks, i.e., the primitive central idempotents, of the bifree double Burnside ring 
B^{G, G) and the left-free double Burnside ring B'^{G, G), as well as the primitive central idempo- 
tents of the algebras arising from scalar extension to Q. 

1 Introduction 

The aim of this paper is to find the primitive central idempotents of the subrings B'^{G, G) and (G, G) 
of the double Burnside ring B(G^ G) of a finite group G, as well as the primitive central idempotents of the 
algebras QB^{G, G) and QB^(G, G). Recall that the double Burnside ring B{G, G) is the Grothendieck 
group of the category of finite (G, G)-bisets with respect to disjoint unions equipped with the multipli- 
cation induced by tensoring (G, G)-bisets over G. The subrings B^{G,G) C B'^{G,G) C B{G,G) arise 
from considering bifree (G, G)-bisets and left-free (G, G)-bisets. These classes of bisets are of particular 
interest, since via the theory of biset functors introduced by Bouc they are related to globally defined 
Mackey functors or globally defined Mackey functors with inflation (or deflation) maps as extra struc- 
tures. The bifree subring of a p-group S is also related to fusion systems on S, cf. [RSj and |BDlj . and the 
left-free subring is related to stable homotopy classes of selfmaps of the p-completion of the classifying 
space BG of G, cf. |MP| and |AKO] . For generalities on double Burnside rings and biset functors we 
refer the reader to Bouc's book |Bc2] . 

For the bifree double Burnside ring we derive the following result. Let denote a set of represen- 
tatives of the isomorphism classes of subgroups of G. 

1.1 Theorem The primitive central idempotents ejj of B^{G,G) are parametrized by the elements 
U G Eg such that U is a perfect group. The primitive central idempotents e(u,x) "^^ QB'^{G,G) are 
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parametrized by a set Eq of pairs ([/, x) with U G Eg and certain irreducible characters x & lrrq{Out{U)) , 
i.e., characters of irreducible modules of the outer automorphism group ofU over Q. More precisely, in 
QB'^{G, G), one has eu = ^{V-x)' ^'^^ each perfect U e Eg, where V is in Eg such that ^ U 

and X is in IrrQ(Out(y)) such that {V,x) £ £g- 

Here, denotes the smallest normal subgroup of V with solvable quotient. A precise definition 

of £g can be found in Remark 13.91 Theorem 11.11 is a special case of Theorem 13.81 which determines the 
primitive central idempotents of the ring RB^{G, G), i.e., the scalar extension of B'^{G, G) to R, for any 
integral domain R, and of Remark 13.91 in which more general fields K are considered in place of Q. 

For the left- free double Burnside ring we have the following result: 

1.2 Theorem The center of B'^{G,G) is connected, i.e., and 1 are the only central idempotents of 
B^{G,G). The primitive central idempotents ofQB^{G,G) are contained in QB^{G,G). They are 
the sums X](;7x)e£ ^iu,x)j where £ Q £g is an equivalence class of £q with respect to the transitive and 
symmetric closure of the relation defined on two elements {U, x)> {U' , x') S £g by 

e^u,x)^B<{G,G)e^U'.x')^M- (1) 

The relation defined by ([T]) is reformulated in explicit character theoretic terms in Lemma 15.61 The- 
orem [TT^] is a special case of Theorem 15.51 and Corollary 15.71 in which scalar extensions RB'^{G,G) 
and KB'^{G,G) for a larger class of integral domains R (replacing Z) and fields K (replacing Q) are 
considered. 

The paper is arranged as follows. Section [5] introduces the notation used in the paper. In Section [3] 
we consider the bifree double Burnside ring B^[G,G). The main theorem of this section. Theorem 13.81 
describes the primitive central idempotents of RB^{G, G) for an arbitrary integral domain R. Remark l3.9l 
summarizes the case where i? is a field with some restrictions on the characteristic. Section |4] uses the 
same methods as Section [3] to show that the double Burnside ring B-'^{S, S) associated to a fusion 
system on a p-group S has connected center, cf. Theorem 14.31 The ring B-^{S,S) was introduced in 
[BDlj : it is a subring of B^{S,S). In Section [S] the primitive central idempotents of RB'^{G,G) are 
studied for certain integral domains R. The main results are Theorem 15.51 and CoroUarv 15 . 71 which imply 
Theorem 11.21 Section [5] is solely devoted to the technical proof of Lemma 15.61 which uses a variety of 
results and notations from |BDlj . In Section [7] we consider the example where G is a cyclic group and an 
elementary abelian group. We also pose two questions related to the sum of character values on double 
cosets that is related to the condition describing the relation on £g leading to the block decomposition 
of QB<{G,G). 

2 Notation 

Throughout, G denotes a finite group. 

2.1 Generalities. The cardinality of a set X is denoted by \X\. 

We denote hy H ^ G that H is a subgroup of G and hy H < G that ff is a proper subgroup of 
G. Similarly, H < G (resp. H <G) denotes that if is a normal (resp. proper normal) subgroup of G. 
The trivial subgroup of G will often be denoted by 1. The group of automorphisms of G is denoted by 
Aut(G'). For an element g of G, we denote by Cg G Aut(G') the automorphism x i-> gxg~^ of G. By 
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Inn(G') we denote the set of the automorphism Cg, g E G, and by Out(G) := Aut(G)/Inn((S') we denote 
the outer automorphism group of G. For H ^ G and g E G we also write instead of gHg~^ . If two 
subgroups H and K oi G are conjugate we write H ~c K and if H is conjugate to a subgroup of K we 
write H K . 

If X is a left G-set and a; G X, we write stabG(x) for the stabilizer of x in G, and X'^ for the set of 
G-fixed points of X . 

2.2 The (double) Burnside ring. Recall that the Burnside ring B{G) of G is the Grothendieck 
group of the category of finite left G-sets with respect to the disjoint union of G-sets. The multiplication 
on B{G) is induced by taking the direct product of G-sets. The element in B{G) associated to a finite 
left G-set X is denoted by [X]. If H runs through a set of representatives of the conjugacy classes of 
subgroups of G, then the elements [G/H] G B{G), associated to the transitive G-sets G/H, form a Z- 
basis of B{G). For any subgroup iJ of G we have a ring homomorphism <^h ■ B{G) — >■ Z determined by 
= \X"\, for any finite left G-set X. We refer the reader to [CRl §80A] or [Bell Chapter 2] for 
the basic facts on the Burnside ring. 

For two finite groups G and H, the double Burnside group B{G, H) is the Grothendieck group of the 
category of finite (G, if)-bisets X, i.e., finite sets with a left G-action and a right i?-action which commute 
with each other, with respect to disjoint unions. As a special case, we obtain the double Burnside ring 
i?(G, G) whose multiplication is induced by taking the tensor product X x^y of two (G, G)-bisets X and 
Y . This is the set of G-orbits a; y of elements (x^y) E X y.Y under the G-action g{x, y) := {xg~^ , gy). 
We often identify (G, _ff)-biset structures on a set X with left G x H-set structures on the same set X 
via {g, h)x = gxh^^ ioi x E X, g E G and h E H. With this identification we can identify B{G, H) and 
B(G X H) as additive groups. Note that the abelian group B{G x G) now has two ring structures, the 
first given by the direct product construction, the second by the tensor product construction on B{G, G). 
We denote the first just by "•" and the second by "-g"- For more details we refer the reader to jBc2| 
Chapter 2]. 

If G and H are finite groups and if L ^ G x is a subgroup, we denote by pi : G x _ff G 
and P2: G X H H the two projection maps. Moreover, we set fci(L) := {g E G \ {g,l) E L} and 
fc2(i) := {hE H \ {l,h) E L}. Then h{L) p^{L) for i = 1,2, and ri{L): p2{L)/k2{L) -> pi(i)/fci(i), 
defined by gk2{L) 1— >■ hk2{L) whenever {g,h) G i, is a well-defined isomorphism. This way one obtains 
a bijection between the set of subgroups L oi G x H and the quintuples {Pi, Ki,r], P2, K2) with Ki < 
Pi ^ G, K2 < -P2 < i?, and 77: P2/K2 ^ Pi/Ki, cf. [Bel Lemma 2.3.25]. With this notation, a (G, G)- 
biset X is left- free (resp. bifree) if and only if each stabilizer L of an element of X satisfies ki{L) = 1 
(resp. fci(L) = 1 = fc2(i))- Thus, B^{G,G) (resp. B^{G,G)) is free over the basis elements [G x G/L], 
where L runs through a set of representatives of G x G-conjugacy classes of subgroups of G x G with 
fci(L) = 1 (resp. fci(L) = 1 = k2{L)). For an isomorphism (f): V ^ U between subgroups of G we set 
A(/7, (j), V) := {((/)(u), v) \ V E V}, the subgroup corresponding to {U, 1, 0, V, 1). li U = V and = idu 
we also write A([/). 

3 Central idempotents of RB^{G, G) 

Throughout this section G denotes a finite group and R denotes a commutative ring. We denote by Eg 
the set of subgroups of G, by Eg ^ '^G a set of representatives of the conjugacy classes of Eg, and by 
C Eg a set of representatives of the isomorphism classes of Eg. 
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3.1 Lemma Let R be an integral domain and let X be a transitive G-set. If no prime divisor of \X\ is 
invertible in R then the RG -permutation module RX is indecomposable. 

Proof We may assume that \X\ ^ 1. Assume that RX = M © is a direct sum decomposition into 
i?G-submodules M and N , and assume that M ^ {0}. Then M and N are finitely generated projective 
i?-modules and they have a well-defined i?-rank, cf. jPIl Theorem 1.4.12]. Let a; € A, set H := stabG(a;), 
and let p be a prime divisor of \X\ = [G : H]. Since pR ^ R, there exists a maximal ideal P oi R such 
that p G P. Then F :— R/P is a field of characteristic p. Let F denote an algebraic closure of F. Then 
FX ^ F (g)ii M ® F (E)R N, where FX, F ®b,M and F ®rN are relatively i7-projective f'G-modulcs. 
By a result of Green, the p-part [G : H]p = \X\p of \X\ divides 

d\-a\pF iSiR M = dimi? F ®r M = rkjjp (i?p ®r M) = rki^(Af) . 

Since p is arbitrary, we conclude that \X\ divides rkj^(M). But 

/ Ar{M) rkp(Af) + Ar{N) = t\r{M ® N) ^ r\R{RX) = |A|, 

which implies rkfl(M) = \X\ and rkij(iV) = 0. Thus, iV = and Af = RX. □ 

3.2 Remark Let A be a ring and let 1a = ei + ■ ■ • + e„ be a decomposition of 1a into primitive pairwise 
orthogonal idempotents ei, . . . , of A. Then every central idempotent e of A is equal to the subsum 
e = X^ig/^j' where / denotes the set of all elements i £ {l,...,n} satisfying e^e = e^. In fact, let 
i G {1, . . . , n} be arbitrary. Then ee^ and (1a — e)ej; are orthogonal idempotents with ee^ + (1 — e)ei — e^. 
Since is primitive, we obtain ee^ = or ee^ = 0. By multiplying the equation 1a = ei + • ■ • + e„ on 
both sides with e, we now obtain the desired expression for e. 

3.3 Proposition Let X be a hnite G-set and let R be an integral domain. Assume that, for every x G X 
and for every prime divisor p of [G : stahG{x)], one has {0} ^ pR ^ R. Then the ring FindRoiRX) has 
no central idempotents different from and 1 . 

Proof Let K denote the field of fractions of R. We decompose X into G-orbits, A = Ai ]J ■ • -JJ A„, 
and obtain decompositions 

i?A = i?Ai © • • • © i?A„ and KX = KXi ® ■ ■ ■ ® KX^ (2) 

into i?G-submodules and A'G-submodules, respectively. We decompose KXi, for each i = 1, . . . ,n, into 
indecomposable i^G-submodules: 

KX, ^ V}^'' © • • • © T//"'^ . (3) 

We may assume that V^^^'' = K, the trivial A'G-module. In fact, the hypothesis on R and X implies that 
|Aj| ^ Q m K. This implies that l: K ^ KXi, 1 ^ \^i\~^J2xex- ^' ^^^^ ^-^i AT, x 1, are 
AT G- module homomorphisms with tt o t = idx, so that AT is isomorphic to a direct summand of ATA^. 
Let ei G EndijG(^A) denote the idempotent which is the projection onto the i-th component in the first 
decomposition in Then is primitive in EndRciRX), by Lemma [XT] We view EndRciRX) as 
a subring of l^ndKciKX) via the canonical embedding and decompose Ci in Endi<-G(ArA) further into 
primitive idempotents corresponding to the decomposition in 



4 



Altogether we have a primitive decomposition 

1 = (eW + ' + . . . + e^)) + • • ■ + (e(i) + • • ■ + e^-)) (4) 

in End-KGiKX). Now let e be a non-zero central idempotent of EndRciRX)- Since 1 = ei + • • • + e„ 
is a primitive decomposition of 1 in Endive (^-'i^), we have e = X^ie/ some 7^ / C {!,..., n}, by 

Remark l3.2l Since e is also a central idempotent of EndKciKX), it is also a subsum of the decomposition 
in Since I ^ (I), there exists an element i ^ I, and we have e^e = e^. This implies that e^^^e = e^^''. 
For every j G {l,...,n} there exists an isomorphism a: KX KX such that ae^^a"^ — . The 
equation e^pe = ef'^ implies 

(1) (1) -1 (1) -1 (1) -1 (1) 
e) = ae) a = ae) ea = ae] a e — e) e . 

This implies that e^e 7^ 0, and Remark 13.21 implies that j G /. Thus / = {1, . . . , n} and e = 1. D 

Recall that we have a ring homomorphism A : B{G) B^{G,G), given by A ([G/C/]) = [GxG/A(L/)]. 
The following lemma was proved in 



3.4 Lemma Let a e B{G) and let U s^G. Then 

$A(c/)(A(a)) = |Gg(C/)| •$c/(a). 

3.5 Remark Recall from fB Dll 5.3-5.5] that the map 

aG:B^{G,G)^ [] End^Out(u){^WU,G)) , 

[A]eInj(C/,G) 



is a well-defined injective ring homomorphism with image of finite index which induces an i?-algebra 
homomorphism 

aG:RB'^{G,G)^ [] End^Out(c/)(i?Ej(C/, G)) 

for every commutative ring R. The latter homomorphism is an isomorphism if |G| is invertible in 
R. In particular, if a e Z{B^{G,G)) then acia) is central in flj^gj,^ Endzout((7) G)) and 

ric/eSG Endi^out((7)(^Inj(C/, G)). Here, for C/ S Sg, Inj(J7, G) denotes the (G, Aut([/))-biset of injective 
group homomorphisms from U to G with g ■ X - uj := Cg o \ o uj for g G G, X Cz Inj(t/, G), and w G Aut(C/). 
Finally, Inj(C/, G) :— G\Inj([/, G) is the set of G-orbits with the induced right action of Out(C/). The 
G-orbit of A G Inj(t/, G) is denoted by [A]. We fix a group U G Sg- Let Ui, . . . ,Ur G Sg be the repre- 
sentatives of the G-conjugacy classes of all subgroups of G which are isomorphic to U. Then the right 
Out(t/)-set Inj([/, G) decomposes into orbits, 



Inj(C/,G) -[]lnj(C/,G),, 



i=l 
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where Inj(l7, G)i denotes the set of elements A G Inj(?7, G) such that X{U) is G-conjugate to Ui, and 
InjiU, G)i denotes the set of G-orbits formed by such elements. In particular, we obtain a decomposition 
into i?Out(C/)-submodules: 

r 

i?5j(C/,G) = 0i?5j([/,G),. (5) 

Finally, note that, for every i = 1, . . . , r, the map A ^ [A] induces a bijection 

NG{U,)\lni{U, U,) ^ 5j(C/, G)i 

of Out(C/)-sets, and that iVG(C/j)\Inj(J7, U{) = Ai\Aut(C/) as Out([/)-sets, where := \-^B,X s$ Aut(C/) 
denotes the subgroup corresponding to the image Bi of the map NaiUi) — > Ant{Ui), g Cg, under any 
isomorphism A : U — > Ui . 

3.6 Remark In this remark we assume that R is an integral domain with field of fractions K such that 
|G| is invertible in K. We denote by tt the set of prime divisors of |G| which are not invertible in R. By 
Qq we denote the set of 7r-perfect subgroups of G, i.e., the subgroups U oiG with the property that U has 
no factor group of prime order p £ tt. For any group G we denote by G^'^^' the smallest normal subgroup 
of G with solvable factor group of 7r-order, i.e., of order only divisible by primes from tt. Clearly, G^'^^ is 
TT-perfect. Thus, [/('^^ G 6^ for every [/ ^ G. We further define 9^ := 9^ n Sg and 9J := 9^ n Sg- 
Thus, 9q C 9q are sets of representatives of the isomorphism classes and of the conjugacy classes of 
TT-perfect subgroups of G, respectively. 

Recall from Bel. Corollary 3.3.6] the following description of the primitive idempotents of RB{G) 
and of KB{G). For each U G Sg, let ejj G KB{G) denote the unique element with the property that 
^U'{eu) = 1 if C/ =G U', and ^^'(ec/) = if t/' U. Then the elements ej/, U G Sg, form a set of 
primitive, pairwise orthogonal idempotents of KB[G) whose sum is equal to 1. 

For every U G 9^ set 

(tt) \ ^ 

Then the elements £^^\u & 9^, are primitive, pairwise orthogonal idempotents of RB{G) whose sum is 
equal to 1. 

3.7 Proposition Assume that K is a field sucli that \G\ is invertible in K. Further assume the notation 
established in Remarks 13.51 and 13.61 Let V ^ G, and let {fu)u£tG "^snote the image of ey G KB{G) 
under the K -algebra homomorphism 

KBiG)^^KB^{G,G)^^ H End^out([/)(i^EI(C/, G)) . 

If U € Sg j's not isomorphic to V then fjj = 0- If U G Eg J's isomorphic to V then fjj is equal to the 
projection onto the direct summand of Khi}(U,G) with respect to the decomposition in with K in 
place of R, which is indexed by the G-conjugacy class containing V. 
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Proof Let U E'Sg and let fi e Inj(;7, G). Then 

f n„^^ ^A(A(i7),Ap-i,p(j7))(A(ey)) 

^ |Cg(a(c/))| f^l- 

[A]Glnj(C/,G) 

Suppose that /[/([/x]) ^ 0. We will show that then fJ,{U) is G-conjugate to V and that fuibA) = bA- 

Since ey is a linear combination of elements of the form [G/M^] with W V, the idempo- 
tent A(ev) is a linear combination of elements of the form [G x G/A{W)] with W V- Thus, 
^A(A(c/),Ap-i.MC/))([G X G/A{W)]) ^ for some W ^g V, and therefore A{X{U) , ^i{U)) ^gxg 
A{W). Hence, A(A(C/), A/^-\ ^(C/)) =gxg A(^) for some X < sJg 1^, and 

^ $A(A(C/),Ap-i,p(C/))(A(ey)) = $A(X)(A(ey)) = |GG(X)|$x(ey) , 

by Lemma lOl Thus, X ^g V and A(A(J7), A/^"\ ^(C/)) =gxg A(y). Let g,heGhe such that 

A(t/) = ^^'"'a(A(C/), A/.-\A^(t/)) - {(gA(w)5-\ VM/^"') I « e (7} . 

Since [A] = [cgX] and [/x] = [chfj], we may assume that A{V) — A{X{U), Xfi^^ , fi{U)) — {{X{u),^{u)) \ 
u G U}. Thus, A = /X, A(;7) = and 

again by Lemma D 



3.8 Theorem Let R he an integral domain with Held of fractions K such that \G\ is invertible in K. 
Let TT denote the set of prime divisors of \G\ which are not invertible in R. Assume the notation from 
Remark \3.6l The primitive central idempotents of RB'^{G, G) are parametrized by isomorphism classes 
of TT-perfect subgroups of G. More precisely, for W G Qq, set 

wsiveec 

Then the elements A(e{^-'), W £ Qq, are primitive, pairwise orthogonal idempotents of Z{RB^(G,G)) 
whose sum is equal to 1. 

Proof We will make use of the commutative diagram 

RB{G) ^ y RB^{G,G)^^ n End«out(c/)(i?5I(f/,G)) 



KB{G)- 



A 



^KB'^iG^G) 



OG 



n Endifout 



(c,)(i^Inj(C/,G)) 
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whose vertical maps are the canonical embeddings. All maps in the diagram are injective and the map 
ao of the bottom row is an isomorphism. 

(a) First we show that each element /S.{e"^)^ W £ Q'q, is a central idempotent of RB^{G,G). For 
W G 9q, the element s'\^^ := J^w^veec ^v ^ idempotent of RB{G), by Remark Therefore, 
A(e|^'') is an idempotent of RB^{G, G). To see that it is central in RB^{G, G) it suffices to show that 
aci^iiw')) central in Ilc/eEG Endxout(c/) (-^Inj(C/, G)). But, by Proposition [3l71 the J7-componcnt of 
aG{^{e%^)) is equal to the identity map if W and it is equal to if C/^'') ^ W. So clearly, this 
element is central. 

(b) Next we show that each element A(e[^')), W € 6^, is primitive in Z{RB^{G, G)). Let £ 6^ 
and let e be a primitive central idempotent of RB^{G, G) with e -q ^{^'w) ~ ^- Then aaie) is a central 
idempotent of Hc/eSG ElndflOut(c/) G)). By Proposition 13.31 there exists a subset S C Sg which 
is closed under taking isomorphic subgroups such that, with S := S n Sg, the [/-component of (7Q{e) is 
equal to the identity if [/ G and equal to if /7 ^ 2g . Now Proposition 13.71 implies that 

crG(e) = crG(A(^ ey)) , 
C/SH 

where S = S H Eg • This implies that 

e = A(^ e[/) e RB^{G, G) n A{KB{G)) = A{RB{G)) . 

The injectivity of A implies that J2u€S G RB{G). Since e ^ and since e -g A(f|^^) = e, we know 
that S contains a subgroup U oi G satisfying C/*^^^ = W . Moreover, since X](7e= idempotent 
in RB{G), we obtain that S contains a subgroup which is isomorphic to W. Since S is closed under 
taking isomorphic subgroups, S contains all subgroups of G which are isomorphic to W. Again, since 
Sc/e* is an element of RB(G), S contains all subgroups U of G with U^^'' = W. This implies 

that e -G A(e[i[J^'') = A{iyp) and therefore, e = e -g A(e[^') ~ A{i^^^). Thus, A(e^^) is primitive in 
Z{RB^{G, G)). 

(c) Finally, 

5: A(4)) = A( ^ eW)=A(^ e^) = A(l) = l, 

and the proof is complete. D 

In the following remark we will determine the primitive central idempotents of KB^{G, G) for certain 
fields K. This will be used in Section [S] Euler's totient function will be denoted by Lp. 

3.9 Remark Let K he a field such that |G|, |0ut(?7)| and (^(|Out(C/)|), for C/ s$ G, are invertible in K. 
(a) Recall from Remark 13.51 that the map 

aa: KB'^iG^G) ^ [] EndKOut([/)(if5I(t/, G)) (6) 
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is an isomorphism of if-algebras. Moreover, for each U € Sq, the -frOut(t/")-module Kln]{U,G) is 
semisimple. Let £g denote the set of pairs {U,x) with U e Sg and x £ Irr^f (Out(C/)) such that x 
occurs as a constituent in the character of K1yi]{U,G). Then, by the above isomorphism, the primitive 
central idempotents of KB^{G, G) are given by the elements e{u,x)^ ^) ^ ^G, where, for U' S Sgj the 
[/'-component of aciefjj^^)) is equal to if C/' ^ f/ and equal to the map a i— a • e^, for a G i^Inj(C/, G). 
Here, denotes the primitive idempotent of KOvX{U) associated to the irreducible character x- Note 
that one has 

^^ = ^^7^kj)\ ^ X(^"^)^eif0ut(f/), (7) 

if X = + • ■ • + V'r) is a decomposition of x into absolutely irreducible characters over some extension 
field of K. Note that s is invertible in K , since s divides |Out([/)| in the case that char(_ftr) = and since 
s = 1 if char(X) ^ 0. Also note that r is invertible in K , since r is the degree of a subextension of the 
extension K{C)/K, where C is a root of unity of order |Out(C/)|. 

(b) For U e Sg, let Sg(C^) denote the set of elements V G Sg with V ^ U. We can rewrite the 
decomposition ([5]) in Remark 13.51 as indexed over T,g{U): 

Khri{U,G)^ KWi{U,G)v. (8) 

Then, for {U, x) G Sq and each V e J^g{U), the element e(^u^^y), defined by requiring that, for U' £ Sgj 
the J/'-component of (JG{s{u,xy)) equal to ii U' U, and that the [/-component is equal to in all 
components of the decomposition ([8]) different from V, and finally equal to "multiplication with e^^^ in 
the ^-component. This leads to a decomposition 

^iu,x) = ^iu,x,v) (9) 

of the primitive idempotent of Z{KB'^{G,G)) as a sum of pairwise orthogonal idempotents in 
KB^(G,G). 

4 Central idempotents of RB'^{S, S) for a fusion system T on a. 
j9-group S 

Throughout this section we fix a p-group S and a (not necessarily saturated) fusion system T on S. 
For definitions and basic results on fusion systems we refer the reader to jAKOj . In jBDlj . a subring 
B-^{S,S) of B^{S,S) was constructed which is defined as the Z-span of the standard basis elements 
[S X S/A{P, (p, Q)], where 0: Q P runs through all isomorphisms in the category T. We call B-'^{S, S) 
the double Burnside ring of T . In this section we will show that B-^{S, S) has no central idempotents 
different from and 1. 

4.1 Remark In this remark we recall some notation and some results from [BDlj . Again we denote by 
Ss the set of subgroups of 5, by Ss C S5 a set of representatives of the 5'-conjugacy classes of subgroups 
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of S, and by Eg^ C Eg a set of representatives of the J^-isomorphism classes of subgroups of S. It was 
shown in fBDl] Theorem 5.7] (see also |BD11 Subsection 7.11]) that the map 

a^:B^iS,S)^ [] EndTOut^(P) (ZHW^(P, 5)) , 

[0]eHom^(P,S) ^ 

is a well-defined injective ring homomorphism with finite cokernel which induces an i?-algebra homomor- 
phism 

a^: RB^{S,S)-^ Y[ Endiiout^(p) (i?H^^(i', ^)) 

PGSJ 

for every commutative ring R. If p is invertible in R then the latter homomorphism is an isomorphism. 
Here, Hom_7r(P, S) denotes the set of 5-orbits of Hom_7r(-P, 5*) under the action x ■(}>:— Cx o 4> for x G S 
and (j) e Homjr(P, 5). The set Homjr(P, 5) has a right action of the group Outjr(P) Autjr(P)/Inn(P), 
which is given by composition. The 5-orbit of G Homjr(P, S) is denoted by [0]. 

We fix a subgroup P G Eg . Assume that Pi, . . . , P^ G Eg are representatives of the conjugacy classes 
of subgroups of S which are J-"-isomorphic to P. Then the right Outjr(P)-set Homjr(P, S) decomposes 
into orbits 

r 

1=1 

where IIomjr(P, 5)i denotes the set of elements (j) e Homjr(P, S*) such that 4>{P) is S'-conjugate to Pi, 
and Honijr(P, S)i denotes the set of S'-orbits of IIomjr(P, S)i. In particular, we obtain a decomposition 

r 

PH^^(P, 5) = Rm^^iP, S), (10) 

i=l 

into POutjr(P)-submodules. 

The following proposition can be proved in a completely analogous way as Proposition 13.71 

4.2 Proposition Let K be a field of cliaracteristic different from p and assume tie notations from 
Remarks \4.1\ and \3.6\ Furthermore, let Q ^ S and let (fp)p^j.j^ denote the image of eq G KB{S) under 
the K-algebra homomorphism 

KB{S)—^KB^{S,S)^^^ n EndKOut^(p)(^^H^^(P,5)). 

PGEf 

If P £ Eg is not F -isomorphic to Q then fp = 0. IfPE Eg is J^-isomorphic to Q then the endomorphism 
fp is equal to the projection onto the direct summand of K}lom^j^{P, S) with respect to the decomposition 
in ijiO|). with K in place of R, which is indexed by the S -conjugacy class containing Q. 

For every P ^ 5 we denote by Autg(P) < Aut(P) the image of the map A^g(P) — > Aut(P), g H> Cg. 
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4.3 Theorem Let R be an integral domain with the following property: One has {0} ^ pR ^ R 
and for every isomorphism (p: P — > Q in the category T and every prime divisor q of [Aut jr{P) : 
(Autjr(P) n Auts(Q)'^)] one has {0} ^ qR ^ R. Then the center of the ring RB^{S, S) is connected. In 
particular, when R = Z, the center of B-^{S, S) is connected. 

Proof The proof is similar to the proof of Theorem 13.81 Let K denote the field of fractions of R. We 
will use the diagram 

RB{S) ^RB^{S,S)^^ n EndflOut^(p)(i?H^^(P,5)) 



KB{S) ^ ^ KB^{S,S)^^ n EndKOut^(P)(/^Hom^(P,5)) 

pesj 

Again, each map in the diagram is injective and the map of the bottom row is an isomorphism, since 
cha.T{K) ^ p. 

Let e be a non-zero central idcmpotcnt of RB-'^ {S, S). We will show that e = 1. The element ^^{e) 
is a central idempotent in Jlpes^ EndflOut^(p)(PHom_7r(P, S)). We want to invoke Proposition 13. 31 and 
need to determine the stabilizer of [<j>] for (j> G Homjr(P, S*). It follows from an easy calculation that 
stabAut^(P)([0]) = AutjF-(P) n Auts(Q)'^, where Q := 0(P). Thus, by Proposition 13. 3[ there exists a 
subset S C S5 which is closed under taking J-"-isomorphic subgroups, such that, with S S n , one 
has: 

^si^) = (^peH)pesf ' 

where Sp^~ denotes the identity map if P G S and the zero-map if not. Now Proposition |4]2] implies that 

a^(e)=aJ(A(5]ep)), 
Pes 

where S := S n S5. By the injectivity of ag , we have 

e = A(^ ep) e RB^{S, S) D A{KB{S)) = A{RB{S)) . 
Pes 

Thus, the idempotent X^Pe* KB{S) is contained in RB{S). But since pR ^ R, this implies that 

S — S5 and that X)pe^ ~ 1' Reniark 13.61 D 



5 Central idempotents of RB^{G, G) 

In this section we will use again the notation from Section [S] Thus, R denotes a commutative ring, G 
denotes a finite group, and Sg Q ^ denote sets of representatives of isomorphism classes, resp. 
representatives of conjugacy classes in the set of subgroups of G. 
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The goal of this section is to show that the Grothendieck ring (G, G) of left- free (G, G)-bisets has 
no central idempotent different from and 1. We will prove the same result for a class of scalar extensions 
RB^{G,G) from Z to R for certain commutative rings R. First, we will use the following result, see 
Theorem 6.4(c) from [BDT] . 

5.1 Proposition Let K be a field such that \G\ and |Out(C/)|, U ^ G, are invertible in K . Then one has 
a decomposition KB^{G, G) = KB^{G, G) ® J, where J denotes the Jacobson radical of KB^{G, G). 

By the above proposition, the following lemma will apply to KB'^(G,G) and its subalgebra 
KB^{G, G), for fields K as in Proposition 15. II We denote the Jacobson radical of a ring A by J(A). 

5.2 Lemma Let A be a ring and let T be a (not necessarily unitary) subring of A such that A = Fffi J(A). 
Then each central idempotent of A is contained in T. 

Proof Let e G Z{A) be an idempotent and write e = f + x with / S F and x G J(A). Then 
= = e = / mod J(A) implies — / G F n J(A) so that / is an idempotent. Now also e — e/ = ex 
and f ^ ef ^ ~xf are idempotents and contained in J(A). Thus, e — ef = = f — ef and e = / G F. D 

Proposition 15. II and Lemma [5.21 implv the following corollary. 

5.3 Corollary Let K be a field such that \G\ and |0ut(J7)|, for U ^ G, are invertible in K . Then every 
central idempotent of KB^{G, G) is already contained in KB^{G, G). 

In order to determine the primitive central idempotents of KB'^{G, G), for appropriate fields K, the 
following lemma will be useful. 

5.4 Lemma Let A be a ring and assume that 1 — J2iei ^ decomposition of 1 G A into a finite 
sum of non-zero pairwise orthogonal (not necessarily central) idempotents of A with the property that 
for each central idempotent f of A and each i G I one has Cif G {ei,0}. Denote by ~ the symmetric 
and reflexive relation on I defined by i j if and only if CiAcj ^ or CjAci ^ 0, and denote by w 
the transitive closure of ~; that is, i ~ j if and only if there exists a sequence i — io,ii, ■ ■ ■ ,in — j in 
I such that ik-i ~ ik for all k = 1, . . . ,n. Then w is an equivaience relation. If Ii, . . . , Is denote the 
equivalence classes of I with respect to ~ then the elements fk := X^ie/t 6^, fc = 1, . . . , s, are primitive 
pairwise orthogonal central idempotents of A with /i + • • • + /s = 1 . 

Proof All statements in the lemma, except for the last sentence, clearly hold. It is also clear that the 
elements fi, . . . , fg are pairwise orthogonal idempotents whose sum is equal to 1. 
We show first that fk G Z{A) for all fc = 1, . . . , s. In fact, for a; G A we have 

xfk ^'^fk ^ ^ ^ ^ CiXCj ^ ^ e^xCj , 
iei jeik ijeik 

since CiXCj G CiAcj — whenever i £ I \ Ik and j G Ik- Similarly, one has fkX — J^ijei^ CiXCj and 
therefore xfk = fkX, and fk G Z{A). 

Next we show that, for each k — 1, . . . , s, the central idempotent fk is primitive in Z{A). Assume 
that fk — g + his an orthogonal decomposition with central idempotents g and h, and assume that 5 7^ 0. 
Then 7^ g = gfk implies that gci ^ for some i & Ik and therefore gci = e^. But then, for each j G I 
with BiAcj ^ one has 7^ CiAcj = CigAcj = CiAgej. This implies that gcj ^ and therefore gej = Cj. 



12 



Similarly, also e^Aei ^ implies that gej — ej. Thus, we obtain gcj — Cj for all j S Ik- This implies 
9 — gfk = 9^3 — 6j = fk and h = 0. Thus, fk is a primitive central idempotent. 

It is now clear from the orthogonal decomposition 1 = /i + ■ • ■ + /s that each primitive central 
idempotent of A must be equal to fk for some fce{l,...,s}. D 

5.5 Theorem Let R he an integral domain with Geld of fractions K such that \G\, |Out(C/)| and 
(p{\Out{U)\), for U ^ G, are invertible in K. Then RB^{G,G) has no central idempotent different 
from and 1. In particular, the ring B^{G, G) is connected. 

Proof Let e be a non-zero central idempotent of RB^iG, G). We will show that e = 1. We will use the 
commutative diagram of canonical embeddings 

RB^{G,G) C RB'^{G,G) 

KB^{G,G) C KB-^iG^G) 

Since e is a central idempotent of RB'^{G, G) it is also a central idempotent of KB^{G, G). By Corol- 
lary (^[31 we obtain that e is a central idempotent of KB^{G, G). From Remark l3.9f a) we obtain that 

for a subset £ oiSc- By Lemma [Ol applied to the ring KB'^{G,G) and the idempotents ejj/^,^), {U,x) G 
£c, we know that the subset £ has the property that if {U,x) G ^ and {U',x') £ satisfy e([/^^) -q 
KB<{G,G) -G e(^u',x') ^ {0} e^u',x') 'G KB<{G,G) -g e^u^) + {0} then also (f/',x') 6 E. However, 
Corollarv l5.8l to Lemma [5.61 below implies: 

If (t/, 1) e f for some C/ G Sg then ([/', 1) e f for ah U' e Sg- (H) 

Since KB^{G,G) n RB'^{G,G) RB'^{G,G), we also obtain that e is a central idempotent of 
RB^(G,G). Now Theorem EiS] and Proposition O imply: 

If ([/, x) e f then (C/, x') e £ for all x' e IrrK(Out(L/)). (12) 

Since e ^ 0, there exists at least one element (t/, x) G ^- But then ([Tl]) and (fT2|) together imply that 
£ — £gj or in other words that e = 1. D 

For a subset AT of a group G, a field K, and a character x of a XG-module, we set A'+ :— J^xex ^ 
iTG and x{^~^) ■— J2xi£X xi^)- By x* we denote the contragredient character of x- For a subgroup ^ of 
G, we denote by AutG(V^) the image of the map Ng{V) Aut(F), g i-^ Cg, and by OutG(V^) the image 
of AutG(V^) under the canonical epimorphism Aut(V^) Out(T^). If x is a if-character of Aut([/) for 
some finite group U and if V is another group that is isomorphic to U then xv denotes the character 
of Aut(F) defined by xv{^) xi^^^ o w o A) for any isomorphism A: U ^ > V. The character xv is 
independent of the choice of A. Similarly, if x is a if-character of Out(C/) and V is isomorphic to U one 
defines the character xv of Out(V"). Recall the definition of Eg(C/) for U G Sg from Remark 13.91 
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5.6 Lemma Let K be a field such that \G\, |Out([/)| and (p{\Out{U)\), for U ^ G, are invertible in K. 
Then, for any {U, x), {U' , x') £ ^G, one has e(t/,;^) -g KB^{G, G) -q ^{U',x') {^I ^'^ only if there exist 
V e V G S(J7'), an epimorphism a:V'->-V and an element (w,a7) G Out(y) x Out(l/') suci 
that 

iXv X xV')([(OutG(V) X OutG(V')) • (cJV) •!«] + ) ^0. (13) 

Here, La ■= stabAut(v)xAut(V'')('^) under the action (w, cj') -o; := woao(a;')~^ and La ^ Out(y) x Out(y ) 
denotes the image of La under the canonical epimorphism Aut{V) x Aut(y) — >■ Out(V") x Out(V"'). 

The proof of Lemma 15.61 is very technical and will be given in Section [6l 

5.7 Corollary Let K be as in Lemma \5.6l Then the primitive central idempotents of KB^{G,G) are 
parametrized by the equivalence classes of £g under the equivalence relation « defined as the transitive 
closure of the relation ^ which is defined by 

{U, x) - {W, x') ■■ ^ e^u,x) -G KB^{G, G) -a e^u'^') + or e^u',x') 'G ifi?^(G, G) -a e^u,x) + . 

If £ <Z £q is such an equivalence class then X](;7x)e£ ^(u.x) ^'^ ^^'^ corresponding primitive central idem- 
potent. 

Proof This follows immediately from Lemma applied to the idempotents e([/_^) of KB^iG, G). They 
satisfy the hypothesis of the Lemma, since they are the primitive central idempotents of KB^{G,G) 
(see Remark 13.9^ and since each central idempotent of KB^{G,G) is contained in KB^{G,G) (see 
Corollary ESI). □ 



5.8 Corollary Let K be a held as in Lemma [5. 61 Then, for any {U,x) G £g, one has: 

6(1.1) -G KB<iG, G) -G e^ua) 7^ {0} 4=^ x = 1 • 

Proof By Lemma |5.6[ the condition e(i i)i4r_B^(G, G)e([/ ,^) ^ {0} is equivalent to the existence of 
V G Sg(C^) and a; G Aut{V) such that 

(1 X xy)([(OutG(l) X OutG(T^)) • (1,ZU) •L„]+) ^0. 

Note that here a: F ^ 1 is the trivial homomorphism and that consequently La — Aut(l) x Aut(F). 
Identifying Aut(l) x Aut(F) with Aut(F) and Out(l) x Out(F) with Out(F) via the second projection, 
we obtain 

6(1,1) •Gi^S^(G,G)-Ge(y,^)^{0} ^ xy((OutG(^)-Z^-Out(l/))+) ^0 

^ xv(Out(y)+) ^ ixv, 1) ^ ^ xy = 1 ^ X = 1 , 

and the proof is complete. D 
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5.9 Remark Assume that a: V' ^ V is a. surjective group homomorphism. We want to get a better 
understanding of the subgroup La of Aut(T^) x Aut(F') in Lemma \5M Set Aut(y , ker(a)) :— {uj' € 
Aut(y) I aj'(ker(a)) = ker(Q;)}. Then a induces a group homomorphism 

a* : Aut(V'',ker(a)) Aut(T^) 

where {a^,{uj')){a{v')) a{uj'{v')) for lu' E Aut(y , ker(a)) and v' e V . It is now straightforward 
to verify that pi{La) = ini(Q;*), ki{La) = {1}, P2{La) ~ Aut(y , ker(a)), ^2(^0) := ker(a*) and 
that the isomorphism P2{La)/k2{La) pi{La) /ki(La) determined by is equal to the isomorphism 
a*: Aut(iC, ker(a))/ ker(a*) im(a*). Note that pi{La) consists of all automorphisms w of which 
can be "lifted" (via a) to an automorphism lo' of V' , i.e., Loa = aw': V V . 

Moreover, Inn(y') ^ Aut(F', ker(Q;)), since ker(a) is normal in V' , and Q!*(c„') = Ca{v') for v' e V , so 
thata*(Inn(y)) = Inn(y). This implies that the subgroup = La-(lnn(y)xlnn(y))/lnn(y)xlnn(y') 
of Out(y) X Out(y') satisfies pi(La) = im(a*)/Inn(t/), fci(r„) = 1, pzC^a) = Aut(t^ker(a))/Inn(F'), 
k2{La) = ker(a*)-Inn(y)/Inn(y) and the isomorphism j32(-^a) 7^2 (-^q) Pi{La)/ki{La) corresponding 
to La is induced by a* and again denoted by a* . 

We refer the reader to [Bc21 Chapter 2] for the definitions of deflation maps def^/j^- Rk{G) — ?• 
Rk{G/N) and inflation maps inf^^^: Rk{G/N) Rk{G) when N < G, and the isomorphism maps 

isOc : (G2) Rk{Gi) when a: Gi ^ G2 is an isomorphism. Here if is a field such that the orders 
of G, Gi and G2 are invertible in K. More generally one also defines inflation and deflation maps for 
arbitrary epimorphisms by combining the above deflnitions with an isomorphism map. 

5.10 Lemma Let K be a field as in Lemma [5^ and let a : V ^ V be a surjective group homomorphism 
between subgroups of G, and let x & IrrK(Out(V^)) and x' S Iri'K(Out(y)). Asumme further that 
Outa{V) and OutG(F') are trivial. Then the following are equivalent: 

(i) There exists e Ant{V) x Aut(V^') such that {TJ) holds. 

(ii) Oneias((x* xx')lr„'l)^0. 

(iii) The irreducible character x is a constituent of the image of x! under the composition of the 

r 11 ■ r Out(y') J pOutfV.korfa)) . . jOut(V) 

fo7iowjng sequence of maps: res^^^^^, j^^^^^^^, d«fout(y',ker(a))/fc.(L„)' iHm(a.)/in„(y) • 

(iv) The irreducible character x' is a constituent of the image of x under the composition of the 

r ,1 ■ r Out(V) . -1 . rOut(y',kcr(Q)) . ,Out(V) 

foiWmg sequence of maps: reSi„(^.//i„,(^.), i^o- , mf^^^J^, j^^^J^JJ^^,^ ^^'^ontiV'Mric))- 

Proof By |BD21 Lemma 7.3], the condition in (|13p is equivalent to the condition (x* x x')(^a) 7^ 
which in turn is equivalent to the condition that x* x x' is a constituent of ind^"*''^-'^'^"*^^ ''(1). Since the 

latter is a permutation character, this is equivalent to x x x'* being a constituent of the same character. 
The equivalence between (ii) and (iii) now follows from the following general consideration: If A and B 
are flnite groups such that |v4 x i?| is invertible in K and if L is a subgroup oi Ax B then the permutation 
character oi Ax B/L is equal to the sum of the characters I{tp)xtp* , where ip runs through the irreducible 
characters of B and /: Rk{B) Rk{A) is the map induced by tcnsoring with the [KG, iiri/)-bimodule 
K[A X B/ L] over KB. Now the result follows from the decomposition of the transitive biset Ax B /L as, 
in |Bc21 Lemma 2.3.26]. Finally, the equivalence between (ii) and (iv) follows from the last equivalence 
applied to the dual subgroup L° {(6, a) E B x A \ {a,h) E L} of L. D 
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5.11 Corollary Let K be a field as in Lemma |5.6'I Then iG,x) £ £g for each x G Irr/^ (Out(G)). 
Moreover, for any x, x' £ IrrK(Out(G)) one lias 

e^G.x) -G KB<{G, G) -a e(G,x') ^ {0} ^ X = x' • 

Proof Since ifInj(G, G) = iirOut(G) as left ii'Out(G)-niodules, each x £ Ii'i'A:(Out(G)) is a constituent 
of the character of X5j(G.G). Thus (G,x) G ^^g- Now let x, x' e Iri-K(Out(G)). Since OutG(G) 
is trivial we can use Lemma 15.101 First note that if a e Aut(G) then L^ = ("'^)A(Aut(G)) and 
La ^ Out(G) X Out(G) is conjugate to A(Out(G)). Thus, the composition of the sequence of the maps 
in (iv) in Lemma 15.101 is the identity map, and the result follows. D 



6 Proof of Lemma 15.61 

The goal of this section is the proof of Lemma 15.61 Throughout this section, G denotes a finite group 
and K denotes a field such that |G|, |0ut(J7)| and (p(|Out([/)|), for [/ ^ G, are invertible in K. We first 
need to recall constructions from [BDlj . 

6.1 Remark (a) Recall from |BD11 Section 4] that there is an isomorphism 

Pg: KB^{G,G) KA{G,Gf''^ , (14) 

where A{G,G) is the free abelian group on the set of triples {U,a,V), where U and V are subgroups 
of G and a: V ^ U is an epimorphism. Moreover KA{G, G) denotes the iiT- vector space with the 
same triples as basis. The group G x G acts on these triples by ^^''^\u, a,V) := { ^U,Cgac^^ , ^V), 
and KA{G,G)^^^ denotes the fixed points under the extended action on KA{G,G). The G x G- 
conjugacy class of {U,a,V) is denoted by [U,a,V]GxG and the class sums [[/, a, Vj^^g form a K- 
basis of KA{G,G)^''^. By [BDTl Theorem 4.7], the multiplication in KB'^{G,G) is translated under 
the isomorphism pc into the multiplication on KA{G,G)'~^^'~^ which is the restriction of the following 
multiplication on KA{G, G): 



{U,a,V) -G iV',l3,W) := 



if y 7^ v. 



(b) Under the isomorphism pG in (a), the subspace KB^{G,G) is mapped isomorphically onto the 
G X G-fixed points of the /f-span i^A^(G, G) of triples of the form {U,a,V), where a: V ^ U is an 
isomorphism. The isomorphism 



PGoa^': EndKOutiu){Kln}iU,G)) ^ KA^iG,Gf''^ 



is given explicitly as follows: For U G Sg a-nd a A'Out(C/)-module endomorphism /: [/i] X)[a] '^[aJ.M t'^l 
of KIn}{U, G), the image of / under pG o cr^^ is given by 

a[A],M • (A(?7),Ao/x"i,/x(C/)) , 

AXAut(i7)M6lnj('^:G)XAut(i7)Inj(;7,G) 
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cf. the proof of Theorem 5.5(d) in |BD1) . Here, Aut(/7) acts on Inj(/7, G) from the right via composition 
and from the left by using the right action and inversion of group elements. 



For some of the notation in the following proposition we refer the reader back to Remark 13.91 

6.2 Proposition For (U,x) G s-nd V G S(J7) with x = + •■• + ipr) a decomposition into 

absolutely irreducible characters over some extension field of K, one has 

PG(e(^.x.v))= ^. ,0^^\L| E Xv{{^-'-Outa{V))^)-^'''^\v,u:,V). (15) 

' ^ g,h£G/NG(V) 
ueAut{V) 

Moreover, ci^a^^^v) if and only if (xy|outG(v), 1) 0. 

Proof We set c :— x(l)/(s^r|Aut(J7)|). Using the explicit formula (O for in Remark 13.91 the 
[/-component / of o'G(e((7 y)) is given by 

LueAut{U) 

for /i e Inj(C/, G)v, if we denote the inflation of x to Aut(C/) again by x- Thus, the matrix coefficients 
a[\],[ii] of / with respect to the basis Inj([/, G)v are given by 

c E X(^"') if MeInj(C/,G)y, 

_ i.jGAut(C/) 
"W.M - \ [A] = [AJtu] 

^ otherwise. 
Using the explicit description of pQ o in Remark 16. If b). we obtain 

PG{e^u,x,v)) = E E cx(c.-i)-(A([/),AM-\/i(f/)). 

-^x Aut(i7)A'eInj(;7,G)v X Autcc/jlnjC^.G) V wGAut(C/) 

[A] = [m'^] 

Note that Aut(C/) acts freely on Inj(J7, G)y x Inj([7, G)y so that replacing the summation over 
Inj([/,G)v XAut(c/) Inj([/, G)y yields 



E E c'x{u;-')-m),Xf,-\KU)), 



(A.Ai)eInj(t/.G) V xInj(C/,G)v uieAut{U) 

where c' := c/|Aut([7)|. Let Aq : [/ -> 1^ be a fixed isomorphism. Note that if g runs through a set of 
representatives of G/Ng{V) and a runs through Aut(C/) then CpAoa runs through Inj(t/, G)v without 
repetition. Thus we can rewrite the last expression as 

E E c'x{u:-')-^'^'\v,Xoar'Xo\V). 

g,h£G/NG(V) a,l3, ujeAut(U) 
[cgXoa] = [chXol3ui] 
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It is straightforward to verify that [cgAoct] = [chXoPoj] if and only if w £ /? ^Ag "^AutG(^)Aoa. Thus, 
with w — /3~"'^Aq ^7Aoa for 7 G AutcCl^), the last expression can be rewritten as 

E E E c'x(a^^A„-VAo/3)- ^''V,Ao«r'Ao\y). 

g,heG/NG(V) a,peAnt{U) jeAutGiV) 

Using x(a^-^AQ ^7~-^Ao/3) = xI/^^^-^Aq ^7^-^Ao) = xvi^ol^ot^^ ^o^l^^) and rewriting Xoa(3^^\Q^ as w £ 
Aut(V^) we obtain 

E E E c"xv{c.^'l'')-^'''\v,c.,V) 

g,heG/NG{V) wGAut(V) 7GAutG(V) 

= ^ c" ■xv{{oj-^AntG{V))+)- ^'^''\v,u;,V) 

g.heG/NciV) 
a;GAut(y) 

with c" = c' • |Aut(C/)| = c. Since xv ((w-iAutG(X^))+) = |Inn(F)| • xviii^J'^ ■ OutG(V'))+), we obtain 
Equation ([T5]). 

Finally, note that different choices of triples {g,h,uj) in the sum of Equation ([T5|) lead to different 
basis elements ^^'^\v,uj,V) of KA{G,G). Thus, p{e(^u,x-V)) 7^ if and only if there exists w G Aut(F) 
such that xy((w • OutG(V"))+) ^ 0. By [BD2l Lemma 7.3], this is equivalent to xv (OutG(T^)+) ^ 0. But 
this in turn is equivalent to {xv\outG(v)7 1) 7^ 0- D 

Proof of Lemma 15.61 Let {U,x), {U',x') ^ ^G- Then the orthogonal decomposition ([9]) implies that 

e^u,x}-GKB<{G,G)-Ge^U'^x'}^0 (16) 
if and only if there exist V G S(C/) and V e ^{U') satisfying 

e(u,x,v) -G KB^{G, G) -g ei^u'.x'.v) + , (17) 
Applying the isomorphism pQ on both sides, the last condition is equivalent to the existence of a basis 
element (W^, a, W^') oi KA{G,G') such that the G x G-orbit sum [VF, a, l¥'](t^Q satisfies PG(e(t/.x,v)) 'G 
[W, a, -G PG(e([/',x',y)) 7^ ^i^ce the last expression is equal to if is not G-conjugate to V 

or W is not G-conjugate to V (by the explicit formula in ([T5|)'). and since we may replace (IF, a, W^') by 
any G x G-conjugate, the condition in (IT71) is equivalent to the existence of an epimorphism a: V V 
such that 

PG{e(^u,x,v)) -G [V: a, V%^^ -a PG{e{u' ,x' ,v')) ^ . (18) 
Recall from |BD1I Proposition 1.7] that one has 

where ^ C G is a set of representatives of the cosets G/ki{NQ^Q{/!\{V,a,V'))) and S C G is a set of 
representatives of the cosets G/p2(A'^gxg(^(^: cti V)))- Using the explicit formula (|T5|) . the condition in 
([T5)) is equivalent to 

E E E Xy((a.-^AutG(F))+)xy'((^'"'AutG(U'))+)- 

{x,y)eAxB g,heG/NG{V) g' Ji' £G/Ng(V') 

LjeAut(y) w'eAut(v") 

• ^''''\v,cu,V) -G ^"'^'(1/, a, T/') -G ''''''''\V',LU',V')^0. 
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Since h{NG>,G{AiV,a,V'))) = Cg{V) ^ NaiV) and p2{NG>,G{A{V,a,V'))) ^ Ng{V'), cf. [BDll 
Proposition 1.7], each element x & A (resp. y £ B) determines a unique element h e G/Ng{V) (resp. g' G 
G/A^gI^')) such that the multiplication -g is non-zero, and for given x £ A (resp. y G we may adjust 
the representatives h of G/Ng{V) (resp. g' of G/Ng(V')) such that x (resp. y) occurs as a representative. 
Thus, the above condition is equivalent to 

E E E Xy((^~'AutG(y))+)xV'((^'"'AutG(r))+)- *''''\l^,w«^',O7^0. 

{x,y)eAxB geG/NoiV) ujeAut{V) 
h'eG/NciV') Lj'eAut{V') 

Since x and y don't occur in the argument of the sum and since \A x B\ is invcrtible in K, we may drop 
the first sum in the above condition. Moreover, since for the various choices of g and h' in the above 
sum, the sets { ^3,^'\v, ujauj',V') I {uj,ij-'') € Aut(y) X Aut(y)} of basis elements are pairwise disjoint, 
the above condition is also equivalent to 

J2 xviiu^''AutGiV))+)x'v'iiu^'^'AutG{V'))+) ■ (F,W,t/') /O. 

(w,w')eAut(v)xAut(y') 

Next we fix an element (cjo,i^o) ^ Aut(V^) x Aut(P^') and determine the coefficient of {V,uJoaLUQ,V') in 
the above sum. Let La '■= stabAut(y)xAut(V'')('-'^)- Then, for any {uj,uj') G Ant{V) x Aut(V"'), we have 

waw' = ojoai^o j'^') ^ I^a{i-^o^ ,1^0) ■ 

Thus, writing {uj^^,uj') — {9,9'){uJq^ ,uj'q), for {6,9') G La, the last condition is equivalent to requiring 
that there exists an element {ujo,ujq) G Aut(V") x Aut(V^') such that 

^ Xv{{0u,'AutGiV))+)x'v'{H''0'o-'AntG{V'))+)^0. 

Since xv{{OuJo'AvLtG{V))+) = x*v{iAntG{V)u;o9-^)+) and Xv'iH^'^o'^ AutG{V'))+) = 
Xv'/((AutG(V^')'^o^^^'^^)^)j the sum in the above equation is equal to 

J2 Xv{iAntG{V)u:oe-T)Xv'{{AntG{V'W,-'e'-y) 
(e,6/')6io 

= c • (x^ X x'v'){[iAutG{V) X AutG(r)) • (c.0,^0"') • La]+) 
with c = |(AutG(F) X AutG(V'')) ^ ^'^"''^'"''^La\ which is invertiblc in K. Finally, 

{X*v X Xv')([(AutG(l/) X AutG(r)) • (^^0,4"') • La]+) 
= \Inn{V) X Inn(r)| • (x^- x x'yO ([(OutG(F) x OutG(V^')) ' (cJo, V + ) • 

In fact, Inn(l/) x Inn(y') is contained in AutG(l^) x AutG(^') and the canonical epimorphism AutiV) x 
Aut(y) -)■ Out(F)xOut(F') maps the set (AutG(V)x AutG(V"))-(wo,w^~^)-iQ onto the set (OutG(V^)x 

OutG(T^')) ■ ('^o, ^^0 )'La with fibers of cardinality |Inn(\^) x Inn(V^')|, since Inn(y) x Inn(y) acts freely 
by left multiplication on the first set. Now the proof of Lemma [5751 is complete. D 
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7 Examples and Questions 



7.1 Example (a) Let U he a, cyclic group of order k, let U' be a cyclic group of order k', and let 
a: [/'—>[/ be a surjective homomorphism. Then k divides k' . We want to determine the subgroup 

of Aut{U) X Aut(f/') using Remark [CTl First note that Aut(f7', ker(a)) — Aut([/'), since ker(Q!) is the 
only subgroup of order fc'/fc in U'. Also note that one has a canonical isomorphism (Z/fc'Z)^ Aut([/') 
mapping the residue class of an integer i which is coprime to k' to the automorphism which raises 
each element to its «-th power. Note that if w' G Aut(t/') corresponds to i then a,(w') e Aut(C/) also 
corresponds to i. Recall that the canonical map (Z/fc'Z)^ — (Z/fcZ)^ is surjective. Thus, a* : Aut(J7') — s> 
Aut(C/) is the canonical surjective map Pk,k' which sends the automorphism u' i— )> w'* of U' to the 
automorphism u i— of t7, for any integer i which is coprime to k' . In particular, a, does not depend 
on a. 

(b) Now let G be a cyclic group of order n and let K he a. field of characteristic not dividing n ■ 
(p{n). Assume that U and U' as in (a) are subgroups of G and let a: U' U he a surjective group 
homomorphism. Moreover, let x £ Irr/<'(Aut([/)) and x' G Irrx(Aut(C/')). Note that {U,x) & ^g, 
since Inj(f7, G) — Out(?7) = Aut(C/). Note that OutG(C/) and OutaiU') are trivial so that we can use 
Lemma rS. 101 which implies that e(c/_^) -g KB^{G, G) -g S(U',x'} if ^-^d only if x' = x ° Pk,k', that is, 
if and only if x' is the inflation of x with respect to pk,k' ■ 

(c) We define a partial order ^ on the set £g by setting {U, x) ^ {U', x') if and only if \U\ divides \U'\ 
and x' = XPlc/l.lc/'l ■ Note that the symmetric closure of ^ is the same relation as ^ in Corollarv l5.7l Thus, 
the connected components (i.e., the equivalence classes of the symmetric and transitive closure of ^) are 
the equivalence classes of £g describing the primitive central idempotents of KB^{G, G). We call a pair 
(f/, x) G primitive if it is minimal with respect to . It is well-known that for each element ([/', x') G £g 
there exists a unique primitive element (?7, x) with ([/, x) ^ (C/', x')- If is now straightforward to see that 
the equivalence classes of £g are represented by the elements (G,i?), d G Irr^f (Aut(G)), or also by the 
set of primitive pairs of £g- 

We summarize the results developed above in the following Theorem. 

7.2 Theorem Let G he a cyclic group of order n and let K be a Geld such that n and f{n) are invertible 
in K. Then each pair {U,x) with U ^ G and x G Irrjc (Aut(J7)) is contained in Eg- The set of 
primitive central idempotents of KB'^(G,G) is parametrized by Irri<-(Aut(G)). For d e Irri<-(Aut(G)) 
the corresponding primitive idempotent is the sum of the idempotents e([/_^) with (U, x) G £g satisfying 

= XP\U\,n- 

7.3 Remark Let G and K be as in the above theorem. From Theorem 8.11 and Remark 8.12(a) in 
|BD2j one can see that the primitive central idempotents of the full double Burnside algebra KB{G, G) 
are indexed by the pairs (t7, x) G ^g- Thus, the primitive central idempotents of KB'^{G, G) must split 
in KB{G, G). Note also that the primitive central idempotents of KB^{G, G) were also indexed by Sq- 

7.4 Example Let G = (xi, . . . , Xn) be an elementary abelian p-group of rank n for a prime p and let K 
be an algebraically closed field of characteristic 0. 

(a) For i — 0, . . . , n set Ui :— (xi, . . . , Xi) and Vi :— {xi^i, . . . , x„}, thus G = Ui (B Vi as Fp- vector 
space. We can choose as {Uq, . . . ,Un}- For ^ i ^ j ^ n, let TTij : Uj — t- Ui denote the canonical 
projection which is the identity on Ui and has kernel (x^+i, . . . , Xj) =: Vij. For i = 0, . . . , n we identify 
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Aut(C/i) with Gi := GLi(Fp) using the basis of Ui (with Gq ~ {I})- For Q ^ i ^ j ^ n, 

the projections TTi^ : Uj Ui induce surjections {T^i,j)*'- Pi.j '■= Aut(Uj,Vi,j) Gi, where Pij is the 

parabolic subgroup of Gj of shape ( I with upper left corner of size i x i and lower right corner of 

size {i — j) X {i — j). Moreover, we set Qi j :— ker((7rij ),), which is the subgroup of all elements in Pi j 
having top left corner equal to the identity matrix of size i. 

(b) For all i = 0, . . . , n one has Inj([/i, G) — Inj([/i, G) which is a disjoint union of free right Aut([/i)- 
sets. Thus, for each Xi G IrrK(Aut(?7i)), one has {Ui,Xi) G £g- We will show that for {Ui,Xi), {Uj,Xj) & 
£g one has 

e(c,.,^,) -G ifi?^(G,G) -G e(u,,x,) 7^ {0} ^ ^ J and Xj I ind^/inf (x.))- (19) 

Here, for characters x and x' of a finite group, we write x I x' if X is a summand of x' ■ In fact, if Uj 
(resp. Ui) is a subgroup of G isomorphic to Uj (resp. Ui) and if a: Uj ^ Ui is an epimorphism then there 
exist isomorphisms \j: Uj ^ Uj and A; : Ui ^ Ui such that X^'^aXj — iTi^j. Applying Lemma TS-lOi we 
see that there exists {uJi,u!j) £ Aut({/i) x Ant (Uj) such that the condition in (IT51) holds if and only if 

the trivial character is a constituent of res^"*^'^'''^^"*'''^'''((xi)^ ^ (Xj)y )■ Using the isomorphisms Xi 

and Xj this condition is equivalent to 1 being a constituent of res^"'^'^'^'''^^"'^'^^''(x* x Xj), and the claim 

follows again with Lemma 15.101 

(c) This implies that each element (Ui, Xi) £ is equivalent (with respect to the equivalence relation 
?» in Corollarv 15.71) to an element of the form (G, x) for some x G Irrif(Aut(G)), namely for any x 
occurring as a constituent in indp" (inf(^. (xi))- But we cannot, in general, determine which of the 
elements (G, x), X G Irri<-(Aut(G)), are equivalent. For n = 2 one computes easily that (G,x) ~ (G,x') 
if and only if x = x' or if x, x' G {1; St}, where St denotes the Steinberg character. 

(d) In this part we show that the set 

{([/», Xi) e ^G I i e {0, . . . x« e IrrA'(G,) unipotent} (20) 

is an equivalence class under the equivalence relation w in Corollarv 15. 71 To see this assume that (Ui, Xi) 
and {Uj,Xj) satisfy (I19p . We will first show that Xi is unipotent if and only if Xj is unipotent. 

If Xi is unipotent, i.e., Xi I ind^'(l), where Bi denotes the subgroup of lower triangular matrices in 
Gi, then 

Xj 1 indp^^.inf(^^_^.).(x^) [ indp^^.inf (^,_^.) Judg' (1) . 

But 

inf(.,„).indi;(l) =indj;-^^_i^^^^inf(^^^^)^^ (^^ ^)-i(5^)^5^(l) 

since Bj ^ (tt^j)" (i?^). Altogether we obtain Xj I indp;' ind^';^ (1) = ind^'(l) so that also Xj is 
unipotent. 

Conversely, if Xj is unipotent, then Xj I ind^^ (1) and Xi I def(^. ^.j^reSp^ . (xj) by and the obvious 
adjunctions. This implies 

I def(^, ^).resp^^.ind^^^(l) . 
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But, Mackey's decomposition formula yields 

reSpMndR^(l) = Vind^'-^ , (1) 

a 

where g runs over some subset of G. Thus, there exists g (z G such that 

X. I def(.^,^).indj'^^,^^(l) = isO(^ind;^/^-^^^^^^/^^^^(l) , 



where (jTi^)^: Pi,j/Qi,j Gi denotes the isomorphism induced by (TTij)* and iso ^^ ^ denotes the 

corresponding isomorphism RuiPij IQi,j) RK{Gi). By Lemma [7.51 below, the subgroup of Gi corre- 
sponding to (Pi J n ^Bj)Qij /Qij under iso ^^ ^ is conjugate to Bi. Thus, we obtain Xi I ind^'(l) and 
Xi is unipotent. 

Finally, we will show that each element in the set (|20p is equivalent to (C/i, 1). Note that, for i = 
1, . . . ,n — 1, one has {TTi^i+i)~^{Bi) = so that (|2T|) becomes inf .^^) Jnd^' (1) = ind^'.'^^^ (1). An 

easy induction argument now shows that 

(indp;t^^inf(^^_,_^i) J o (indp;_^_^inf (^^_^^) J o • • • o (indp^"^inf(^^ ,) J(l) ^ ind^^'+'(l) . 

But this implies that, for each i — 1, . . . , n — 1 and each unipotent character Xi+i ^ IiTx(Gi+i), there 
exists a chain of unipotent characters Xj G Irri<-(G'j), j = 2, . . . ,i, such that (Ui, 1) ~ {U2, X2) '--^ • • • ~ 
{Ui,Xi) ^ {Ui+i,Xi+i)- Now the proof of the claim is complete. 

7.5 Lemma Let T : {0} = VbcViC---Cl4, = V^bea chain of subspaces in a vector space V over a 
Held K with dimj^ Vi — i for i — 0, . . . ,n. Moreover, let U be a subspace ofV and let V V/U, u n> u, 
denote the canonical epiniorphisni. Let P denote the stabilizer ofU in Aut(T^) and let ir: P Aut{V) 
denote the epimorphism given by (7r(/))(w) — f{v) for f <E P and v E V. Then tt maps stabp(J-") onto 
stab^i^i^y^(J^), where T denotes the chain = ^ ^1 ^ • ■ • ^ Vti = V of subspaces ofV. 

Proof It is straightforward to check that if / G stabp(J^) then 7r(/) e stab^^j.|.-^7^ (J^). 

Conversely, assume that g G Aut(y) stabilizes J-. By induction on i we will construct a sequence 
fi G Aut{Vi), i = 0, . . . ,n, such that 

fi\v,-i = fi-i for i = 
MV, n C/) = MV^ n {/) for I = 0, . . . , n, and (22) 
fi{v) + U = g{v + U) for v e and i = 0, . . . , n. 

To this end, let Vi be an element of Vi not contained in Vi^i, for i — 1, . . . ,n. Then . . . , is a basis 
of Vi for « = 0, . . . , n. We start with defining /q as the zero-map and assume we have already defined fi 
satisfying the above properties. Then we define /i+i as the unique extension of fi with the property that 
/i+i(wi+i) — avi^i + w for elements =/= a E K and w £ Vi that will be determined by distinction of two 
cases. First note that the equations 

dim{V^ riU)+ dim{V, + U) = dim V, + dim U 
dim(t/i+i nU) + dim(y,+i + U) = dim Vi+i + dim U 
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imply that either Vi D U = Vi+i H U or Vi + U = Vi+i + U. In the first case one has Vi+i + U — 
Kvi+i (B{Vi + U) and in the second case one has Vi+i CiU = K{vi+i — ® (T^ n U), where v G Vi is any 
element satisfying Vi+i + U = v + U. In the first case we have g(vi+i) = aw^+i + v for some a G K 
and V £ Vi, since g stabilizes J". In this case we define := aui+i + v. In the second case let 

V € Vi he such that Vi+i + U — v + U and set fi+i{vi^i) :— Vi+i — v + fi{v). It is now straightforward 
to show that also fi+i satisfies the requirements in ([7]) for the parameter i replaced with i + 1. Finally, 
the automorphism /„ of V has the property that f £ P, that / stabilizes Vi for alH = 0, . . . , n, and that 
Af)=9- □ 



7.6 Questions The key condition (IT3|) for the relation (cf. Corollary 15. 7p that leads to the blocks of 
CB^{G,G) is of the form x((Aa;i3)+) 7^ for a finite group X, subgroups A and B of X, an element 
X £ X, and an irreducible character x G Irr(X) (we assume that K — C for simplicity). 

(a) In all examples that we checked, we saw that 

ifx{{AxB) + ) ^ for some xeX then also x{{AB)+) ^ 0. (23) 

We are not able to prove this and would like to know if ((23|) holds for all finite groups X , subgroups A 
and B of X, and x G Irr(X). This would simplify the condition in p^ . 

Note that {AxB)^ e 'CX is a canonical basis element of e^iCXes = IIomcx(CXe^, CXe^), where 
eA '■= \A\'~^'}laeA^- Thus, the statement (f23| can be rephrased as: xi^A'C-XcB) 7^ {0} implies 
xicAe-s) 7^ 0. This implies that (|23|) holds for instance whenever A = B. 

(b) Moreover, it is straightforward to see that x((AJ5)+) is always a real number. In fact, 

{a,b)eAxB {a,b)eAxB {a,b)eAxB {a,b)eAxB {a,b)eAxB 

Surprisingly, we also observed in all examples that we checked that 

x{{AB)'^) is a non-negative real number. (24) 

We have no explanation for this, and would like to know if this is true in general for any finite group X, 
subgroups A and B oi X, and x G Irr(X). 
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